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ABSTRACT

The problem of fitting a sum of exponentials to second order data is often called the second order (or two dimensional) inverse Laplace transform (2D-ILT).  The present work describes ANAHESS, a new inverse Hessian algorithm which handles this ill-posed numerical problem. The algorithm uses numerical expressions for the gradient and the Hessian matrix, and has performed well on various artificial and experimental data sets.  The new algorithm is presented  in a Nuclear Magnetic Resonance (NMR) context.
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1.    INTRODUCTION
2D NMR techniques are Nuclear Magnetic Resonance measurement techniques which produce second order data matrices.  Such techniques are a frequently used tool in the characterization of fluid filled porous media, and they have found a wide variety of applications, such as analysis of food products, rock core samples and hydrating cement pastes.  In these NMR techniques, the fitting of a sum of exponentials to the measured response surface is a vital tool.  Such a fitting is often called the second order Laplace transform (2D-ILT).  The goal of 2D-ILT is to transform the data from a sum of exponentially decaying components to a set of parameters characterizing the exponential decay of each component.  Depending on the experimental setup, these parameters have a physical interpretation such as spin-lattice relaxation time T1, spin-spin relaxation time T2 or diffusion coefficient D.  Although such a transform is notoriously ill conditioned numerically [1], algorithms that attempt to perform this transform are in widespread use [2-5].
2.    PROBLEM FORMULATION
Assume an experiment which produces a second order matrix R having NSA (number of samples) rows and NSE (number of sensors) columns.  Assume also that the measured response is the linear sum of NCO different components, each component decaying exponentially with both the row index and the column index.   The row-wise exponential decay follows an axis gi, i=1..NSA, contained in a vector g of size NSA, while the column-wise exponential decay follows an axis tj, j=1..NSE, contained in a vector t of size NSE.  Each component is assumed to exhibit a row-wise decay with a characteristic parameter T1,p, p=1..NCO, while the component’s column-wise decay is assumed to have a characteristic parameter T2,p, p=1..NCO.  The magnitude of each component is determined by a factor ap, p=1..NCO, while any permanent signal offset present is assigned to the variable a0.  The spacing between subsequent element in g and t may or may not be constant.  Any element Ri,j, i =1..NSA, j =1..NSE in R is then assumed to follow the function as shown in Table 1.
3.1. The Univariate Minimization
Each iteration in an inverse Hessian algoritm requires an univariate minimization along the search direction of -H(xk)-1 ((xk).  In the present MATLAB [13] implementation of ANAHESS, this is done using the routine fminbnd, which is based on golden section search and parabolic interpolation [12].  In the present implementation, the optimal step length (  is always somewhere between a minimum of 10-20 and a maximum of 20.  Also, if the solution strays outside of the interval defined by the minima and maxima of g and t, F is given a very high value as given in Figure 1.
Table 1. Name
	 Response surface
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	Core diameter
1.5 inches
Temperature during experiment
308 K
Instrument provider

Resonance1
Laboratory location

Anvendt teknologi2
Frequency

12 MHz

gmin..gmax

0.0010 .. 8.0 s

NSA
20

tmin..tmax

0.000212 .. 1.6415 s
NSE
8192
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Figure 1.Name
5.    CONCLUSIONS
A new algorithm called ANAHESS for the second order fit of a sum of exponentials has been devised and implemented.  The algorithm is an inverse Hessian algorithm using analytical expressions for both the gradient and the Hessian matrix.  The algorithm produces a set of  distinct model components, not an approximation to a continuous distribution in T1 and T2.  The number of components in the model is determined using the Bayesian information criterion.  When compared to an established regularization method, the current MATLAB implementation of ANAHESS has performed well.  ANAHESS is effective in finding simple models with a low sum of squared residuals.
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